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analysis of Sakata & Cooper. The agreement factor 
A B [see (5)] in the conventional refinement reflects the 
degree of matching between the observed and calcu- 
lated integrated intensities, whereas the agreement 
factor Ap [see (8)] for the Rietveld refinement reflects 
not only the degree of matching between integrated 
intensities but also that between the shape functions 
describing the profile of the individual reflections. The 
structural parameters are determined by the integrated 
intensities and the profile parameters by the shape 
functions: it is not surprising that the e.s.d.'s from the 
Rietveld refinement are different from those from the 
conventional refinement. 
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Abstract 

Diffraction patterns of various specimens of mullite 
were recorded using a high-power X-ray generator. The 
patterns consist of main reflections based on the 
primitive orthorhombic lattice with a = 7.6, b = 7.7 
and e = 2.9/k, and two types of subsidiary reflections. 
Although the patterns show no periodicity in reciprocal 
space, a periodic unitary intensity distribution is 
deduced using information from the average structure. 
The distribution of the sites of the removed oxygen 
atoms in the sillimanite-like ideal structure is obtained 
from the qualitative values of the unitary intensity. In 
order to compare the calculated value to the observed 
continuous intensity distribution in reciprocal space, a 
structural model was constructed. It contains four sorts 
of equivalent domains; each domain consists of about 
40 000 atoms. These atoms are situated at definite 
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positions in real space, and no partly occupied sites are 
specified in these models. 

Introduction 

Mullite, Al(All+2xSil_2x)05_ x, is a typical non- 
stoichiometric compound, which ranges in com- 
position from 3A120 3 . 2SiO 2 to 2A120 3. SiO v Although 
its X-ray diffraction patterns are very similar to those 
of sillimanite, mullite commonly shows diffuse scatter- 
ing, as pointed out by Taylor (1928), and sometimes 
shows superlattice reflections as described by Agrell & 
Smith (1960). 

Sadanaga, Tokonami & Tak6uchi (1962) deter- 
mined the average structure of mullite and clarified the 
structural relationship between mullite and sillimanite. 
Durovic (1962) independently analyzed the average 
structure. The results obtained by Sadanaga, Tokonami 
& Tak6uchi (1962) were confirmed by Burnham 
(1964). It should be noted that Warren (1933) 
proposed the exact scheme for the mullite structure 
prior to the above authors. 

© 1980 International Union of Crystallography 
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In this paper, the intensity distribution of subsidiary 
reflections has been analyzed, and a superstructure 
model for mullite solid solution has been described. 

Description of subsidiary reflections of mullite 

Crystals synthesized by the electrical fusion method 
were studied by the precession method using a high- 
power X-ray generator (Mo Ktt, 60 kV 500 mA). 
Typical precession photographs are shown in Fig. 1. 
The intensity distribution of subsidiary reflections 
coincides well with that described by Agrell & Smith 
(1960)• 

The subsidiary reflections are divided into two 
groups: the reflections of the first group consist of 
sharp and/or diffuse spots, of which intensity maxima 
occur at l = L + 1/2, h = H + 2/7 and k = K, where 
H, K and L are integers• Those of the second group 
consist of broad diffuse streaks, of which maxima are 
at l = L + 2/9 and extend along the lines of either h + k 
= K + 4/7 or h - k = K + 4/7. The intensity varies 
along the streaks and becomes strong when k 
approaches an integer• It almost vanishes when h is an 
integer• Although the peak intensity of the second 
group is far weaker than that of the first, the integrated 
intensity in reciprocal space is almost of the same 
magnitude. 

Relation between the intensity distribution of subsidiary 
reflections and the superstructure 

The origin of the superstructure of mullite results from 
the statistical removal of oxygen atoms from 0(3)  sites 
which causes a corresponding positional shift of the 
related tetrahedrally coordinated metal atoms in the 
sillimanite-like ideal structure• Since the shift of the 
neighbors has been described by the analysis of the 
average structure, a superstructure model can be con- 

structed by specifying the vacant positions of the 0(3)  
sites• The known data on the average structure, which 
is necessary for the present analysis is summarized in 
Table 1. Since the base center (½,½,0) is equivalent to 
the origin in the space group Pbam, the 0(3)  sites make 
a lattice complex which is a C-centered lattice with the 
same cell dimensions as the primitive lattice of the 
average structure• This lattice complex is hereafter 
referred to as the 0(3)  sublattice. 

If the distribution of vacancies has a three-dimen- 
sional long-range periodicity, the entire structure can be 
described by a table of the position of each vacancy in 
the superlattice. However, because no long-range 
periodicity exists in the superstructure of mullite, it is 
not possible to complete such a table of finite size. In 
this paper, a method by which the arrangement of 
vacancies in the superstructure can be specified has 
been derived based on the 0(3)  sublattice. 

Table 1. Crystal data and parameters of  the relevant 
atoms in the ideal and the average structure o f  

mullite, AI (AI 1 ÷ 2.eSi i _ 2x)O 5 - x 

Cell edges a --- 7•6, b = 7.7, c = 2 . 9 / k  
Space  group Pbam 

• A t o m  O c c u p a n c y  Coord ina tes  

x y z 

M ( I )  1 - - x  0 .149  0 .159  0 
M(2)  x 0 .264  0 .294  0 
0(3) 1 - 3x 0.000 0.000 0 
0(4) 2x 0.447 0.447 0 

lsotropic  t empera tu re  factor  B = 1.2/~2 

Compos i t ion  

x = 0 for ideal s t ructure 
x = 0 .125--0 .2  for average  structure 

The  coordinates  are obta ined by the following equations:  
x = - x '  + ½, y = y ' ,  z = z '  - ½, where pr imed coordinates  are those 
given by  Sadanaga ,  T o k o n a m i  & Tak~uchi  (1962)• 
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Let the crystal structure factor of the ideal structure 
of mullite be Flde,,(h,k,l). If  an oxygen atom at the 
corner of a unit cell in the 0 (3 )  sublattice at N t a + 
Nzb  + N 3 e is removed, two adjacent tetrahedrally 
coordinated metal atoms at M(1)  sites move to the 
neighboring M(2)  sites, and two adjacent oxygen atoms 
at 0 (3 )  sites move to the nearer 0 (4 )  sites as shown in 
Fig. 2. The expression for the structure factor, 
Fv,c(h,k,l), which results from the removal and shifts is 

Fvac(h,k,l) = exp [2zff(hN 1 + k N  z + IN3)] 

x { fo [ -1  - 2 cos z~(h + k) 

+ 2 cos 27~(0.447h + 0.447k)] 

+ f ~ [ - 2  cos 2zr(0.149h + 0.159k) 

+ 2 cos 2~(0.264h + 0.294k)1 }, 

where fo and arm are the atomic structure factors of 
oxygen and the tetrahedrally coordinated metal atoms 
respectively. Likewise, the removal of an oxygen atom 
at the base center of a unit cell results in an expression 
for the structure factor, 

Fvac(h,k,l ) = exp [2rd(hN 1 + k N  2 + IN 3 + h/2 + k/2)] 

x {fo[--1 -- 2 cos rr(h - k) 

+ 2 cos 2zr(0.447h - 0.447k)] 

+ fM[-2  cos 2zr(0.149h - 0.159k) 

+ 2 cos 2zr(0.264h - 0.294k)] }. 

The structure factor F(h,k, l)  of real mullite, in which 
the j th  vacancy occupies the 0 (3 )  site at (NI  + n j) a + 

o 

o © o © 
Fig. 2. The local structure of mullite around a removed oxygen at 

an 0(3) site, showing how migration of neighboring atoms takes 
place. This is based on Sadanaga, Tokonami & Tak6uchi (1962), 
but the exact scheme was proposed by Warren (1933). Large and 
small circles represent oxygen and metal atoms, respectively. A 
unit cell is drawn after Sadanaga, Tokonami & Tak6uchi (1962). 

(N~ + n 0  b + N~ e, where n ~ is equal to zero or one 
half, is therefore given by 

F(h,k,l)  = Fkieal(h,k,l) + 7. f J  exp {2zd[h(NYl + n j) 
J 

+ k(N~ + n I) + lN/]}, 

f J  = f o [ - 1  - 2 cos 7r(h + k) + 2 cos 2x(0.447h 

+ 0.447k)] + fM[-2  cos 2x(0 .149h + 0.159k) 

+ 2 cos 2zr(0.264h + 0.294k)], (1) 

where the double sign should be regarded as positive 
when n J is zero and negative when n j is one half. The 
values of f J  vary rather slowly in reciprocal space. 
Specifically, the variation of the value of 1 has little 
effect on f L  However, the values of f J  oscillate 
between about +24 and - 2 8  according to changes of h 
and k values. 

The intensity distribution l (h,k , l )  is represented by 

I(h,k,l)  = F~dea ~ (h,k,l) Ft~ea , (h,k,l) 

Fideal(h,k,l ) ~. f J  exp { - 2 7 f f [ h ( N  j + n j) 
l 

+ k(N~ + n j) + lN]]} 

Z f J  exp {2n/[h(N j + n J) 
J 

k(N12 + n j) + lN]l} Fi~ea,(h,k,l) 

+ Z ~. f i  f i  exp {2rciIh(N~- N j + n ~ -  n j) 
i j 

+ k ( N ~ - N / +  n t -  nJ)+ l ( N ~ - N / ) ] } .  (2) 

Because of the periodicity of ideal structure, Fldeal(h,k,l ) 
is zero except at the exact reciprocal-lattice points. If  at 
least one of h, k and 1 is not an integer, the first three 
terms in (2) are zero, and only the fourth term has a 
significant value. Then, for the intensity distribution of 
the subsidiary reflection, we can rewrite (2) as 

I(h,k,l)  = ~ ~ f i  f j  exp [2zff(hu~j + kvij + lwu)], (3) 
t j 

where u~j, v~j and w~j are the components of the vector 
between the ith and j th  vacancies, and utj and vij are 
either both integers or both half integers, and w~j is an 
integer. 

Let a unitary intensity distribution function U(h,k,l) 
be defined by the quantities appearing in (3) as follows: 

U(h,k,l) = ~ ~ exp [2rci(huij + kv U + lwi) l .  
t j 

(4) 
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Because all of uij, vij and w~j are integers or half 
integers, U(h,k,l) is a three-dimensional periodic 
function with period not greater than two. Therefore, if 
U(h,k,l) is evaluated in appropriate regions, the 
behavior of U(h,k,l) throughout reciprocal space is 
simultaneously determined. In fact, there are some 
regions in which the ratio of two possible values of f1 is 
nearly equal to unity. In such a region, an approximate 
value of U(h,k,l) may be calculated by 

U(h,k,l) = I(h,k, l ) / f  2, (5) 

where f represents the average value of f l .  Thus, the 
approximate value of the unitary intensity distribution 
can easily be obtained from the observed intensity 
distribution. 

The distribution of the inter-vacancy vectors, 
P(u,v,w) is represented by the Fourier transform of 
U(h,k,l) as follows, 

P(u,v,w) = f U(h,k,l) exp[-2rd(hu + kv 
hkl 

+ lw)] dh dk dl. (6) 

Owing to the orthogonality of the exponential function, 
P(u,v,w) is proportional to the number of coincidences 
between (u,v,w) and (Ui j ,V i j ,Wi j )  appearing in (4). 
Although P(u,v,w) and U(h,k,l) are defined as a 
Patterson function and an intensity distribution func- 
tion, and their physical meanings are the same as 
those commonly used, their nature is slightly different 
from the case of conventional crystal-structure 
analysis. In the conventional case, u, v and w are 
continuous variables and the Patterson map has 
periodicity, while, in this case, P(u,v,w) is not trivial 
only when u, v and w are all integers or half integers. 

Characteristic features of  the distribution of  inter- 
vacancy vectors 

To know the characteristic features of P(u,v,w), the 
following two properties of U(h,k,l), which are 
inherited from the observed intensity distribution, are 
utilized: 

(1) U(h,k,l) takes a trivial value except at (H,K,L), 
near ( H +  2/7, K, L + 1/2) and near (r, K + r _+ 4/7, L 
_+ 2/9), where r is a real number and H, K and L are 
integers. 

(2) The integrated value of U(h,k,l) over the whole h 
and k and around I = +2/9 is almost the same as that 
around l = ½. 

Judging from the fact that U(h,k,O) takes a signifi- 
cant value only when both h and k are integers, we can 
conclude that the two-dimensional projection along the 
e axis has no superstructure and that each row of the 
0(3)  sublattice parallel to the e axis is equivalent. 

Therefore, the probability of a vacancy in each row is 
equal to the x value appearing in the chemical formula. 

In order to find the one-dimensional arrangement of 
the vacancy in the rows parallel to the c axis, 

P(O,O,w) = f [ ~  U(h,k,l) dh dk] exp(27rilw) (7) 

will be considered. The integrated values of U(h,k,l) 
around l = 1/2 and l = 2/9 are large, so that P(O,O,w) 
cannot be large when w is a small odd number, i.e. 
P(0,0,1) and P(0,0,3) may be assumed to be zero. 
Moreover, P(0,0,2) is small because the integrations of 
U around l = 1/2 and l = 2/9 contribute with opposite 
sign and almost the same magnitudes in (7). Since the 
integrated value of U around l = 2/9 is large, P(O,O,w) 
is large when w approaches 9/2. According to these 
considerations, most of the inter-vacancy periods along 
the c axis are 4c, and somewhat longer intervals are 
also expected. Many models of the one-dimensional 
point sets satisfying the above conditions have been 
constructed, and the Fourier transformation of their 
vector sets have been calculated and compared with 
f U(h,k,l)dh dk. A pair of simple models with period of 
27c are found to give the best correspondence with the 
observed data (Fig. 3). In these models, four vacancies 
are equally separated by 4c intervals to produce an 
area of high vacancy density, and two other vacancies 
in a unit translation sit between these dense parts . .  

The two-dimensional distribution of vacancies on 
(i 10), which is one of the densest net planes of the 0(3)  
sublattice, will now be discussed. The information 
about the distribution can be obtained from the two- 
dimensional Patterson map P(u,u,w). Substituting v by 
u in (6), we obtain 

P(u,u,w) = f U(r, k - r, l) exp [-2zd(ku + lw)] 
rkl 

x dr dk dl. (8) 

This can be written as in the following equations: 

P(u,u,w) = f p(k,l) exp {-2~zi(ku + lw)} dk dl 
kl 

p(k,l) = f U(r, k - r, l) dr. (9) 
r 

MODEL I 

• .O. • -O...O. • .O. • • .O• • ..O, • • 

MODEL I I 

• "O'''O'''O'''O'''''O'''O''" 

- DENSE PART 

t PERIOD OF 27C " 

Fig. 3. Distribution of vacancies in a [001] row line of the 0(3)  
sublattice. Two simple models with periods of 27c are shown. 
Groups of a few vacancies make dense parts in the structure. 
Large and small circles represent vacant and occupied sites, 
respectively. 
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Since the diffraction patterns show streaks along (r, 4/7 
- r, -2/9) ,  p(k,l) is large when k = 4/7 and l = -2 /9 .  
Consequently, P(u,u,w), which is the two-dimensional 
Fourier transform of p, has significant values when 
4u/7 - 2w/9 is nearly equal to an integer. Putting u = 
1/2, this condition is fairly well satisfied when w = 2 
and w = -4 .  Putting u = 7/2, it is exactly satisfied 
when w = 9. This results in one and only one arrange- 
ment of the area of high vacancy density with 4c 
intervals, as illustrated in Fig. 4. In this arrangement, 
the vacancies concentrate along the [7,7,18] zone axis. 
The rest of the vacancies are distributed in relatively 
narrow bands between the high vacancy density areas. 

To explain the diffuse streaks perpendicular to this 
plane, it is necessary to build up a three-dimensional 
superlattice with more than one stacking vector (Dorn- 
berger-Schiff, 1956). However, the main reflections and 
the subsidiary reflections of the first group have no 
streaks around them. This fact indicates that the 
averaged structure with the doubled periods of c axis 
has a regular three-dimensional lattice with a definite 
stacking vector. Because these reflections display no 
irregularity along the b axis, the stacking vector in this 
averaged structure is defined to be [010]. This means 
that the stacking vectors in the true superstructure are 
represented by [0,1,2n], because two vectors which 
differ from each other by [002] coincide in this 
averaged structure. 

The intensity distribution of the subsidiary reflections 
of the second group depends on the stacking sequence 
of the densest planes. The average direction of the 
stacking vectors will be represented by [01q]. As the 
vacancies concentrate along [7,7,18] and at the same 
time along [01q], they must concentrate near (18 - 7q, 
7q, - 7 )  planes. For example, if ([10) planes are 
stacked by a statistical succession of five [010] stacking 
vectors and nine [012] stacking vectors, the average 
direction of them becomes [0,1,9/7], and there appears 
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Fig. 4. Distribution of vacancies in a ([ 10) section. A dense part in 
the structure is illustrated. Large and small circles represent 
vacant and occupied sites, respectively. 

a diffuse maxima in the diffraction pattern corre- 
sponding to planes parallel to (99"?). 

These considerations result in the superstructure 
models of mullite. The choice of the most preferable 
model must be based on a comparison of the observed 
and calculated intensity distribution. 

The structure thus obtained is based on the diffuse 
streaks along (r, 4/7 - r, -2/9) .  The other three types 
of diffuse streaks along (r, 4/7 - r, 2/9), (r, 4/7 + r, 
-2 /9 )  and (r, 4/7 + r, 2/9) are symmetrically related to 
(r, 4/7 - r, -2/9) .  They are related by a mirror across 
(001), a mirror across (010) and a twofold rotation axis 
about [100], respectively. The entire intensity distri- 
bution is explained by a domain structure of these four 
equivalent superstructures. 

The  ca lcu la t ion  o f  the intensity  distribution 

The vacancy distribution in the preceding section has a 
slightly greater number of vacancies than that expected 
from the chemical composition. The proportion of 
vacancies to 0(3) sites is 2/9 in the above model, while 
it is generally less than 2/10 in most specimens. Some 
part of this discrepancy results from the simplifying 
assumption used in the mathematical treatment that 
two oxygens at adjacent 0(3) sites can be removed 
simultaneously. However, P(+½,½,0) is always equal to 
zero in a real crystal, because at least one of the 
oxygens at the adjoining 0(3) sites must be coordinated 
to the metal atom between them. Therefore, if two 
vacancies were to occupy an adjoining pair in the 0(3) 
sublattice of the model, the intermediate metal atom 
could not be appropriately coordinated to the required 
four oxygen atoms, and the structure would no longer 
be stable. This consideration decreases the number of 
vacancies in the structure to an appropriate value 
which corresponds to the compositional restrictions. 

In order to confirm the proposed superstructure 
model, the intensity distribution was calculated and 
compared with the observed distribution. For cal- 
culation purposes, each model is considered to have a 
convenient size and consist of four domains in twin 
relation. The domains are assumed to have a parallele- 
piped shape with the dimensions 7(a + b) x 14b x 27c. 
For a domain consisting of about 40 000 atoms, the 
evaluation of the structure factors with the usual 
formula requires a great deal of calculation. However, 
based on (1), it is easily carried out by summing less 
than 1000 terms of the geometrical phase factors multi- 
plied by either of the two kinds of scattering factors of 
f t .  The weighted mean value of the scattering factor for 
AP + and Si 4÷ given by Cromer & Mann (1968) and 
that for 02- given by Tokonami (1965) have been used 
in the calculation of f t .  The sum of the intensities of the 
four incoherent domains has been calculated for each 
of about 200 000 sampling points in reciprocal space, 
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for which (h,k,l) = (H/14,K/14,L/27),  where H and K 
are integers smaller than 85 and L is an integer smaller 
than 28. The calculated intensity distributions have 
been compared with the observed intensities. If the 
calculated values are significant at some point in 
reciprocal space where significant intensity is not 
observed, then the model is discarded. 

Among the models which give significant intensities 
at appropriate positions, there are a few which show 
good agreement with the observed intensity distri- 
bution. One of them is built by the following process. 
The possible vacancy sites are concentrated near one of 
the six regularly separated planes parallel to (997) in a 
domain. The change of the z coordinate against the x 
and y coordinates is illustrated in Fig. 5. The z 
coordinates of the other possible sites are obtained by 
adding one of 4, 8, 12, 17 and 22 to the z values in the 
figure. If the value exceeds 27, then the new value is 
given by subtracting 27. Thus, 1176 sites are generated. 
After the elimination of vacancies which are adjacent at 
the same value of z, the number of vacancies becomes 
984 and the chemical composition in a domain is 
(A1203)6276(8iO2)3324. The calculated intensity distri- 
butions on (h,k,2/9) and (h,k,1/2) are shown in Fig. 6, 
which correspond very closely to the diffraction 
patterns shown in Fig. 1. Other models which are able 
to explain minor intensity differences observed in the 
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Fig. 5. Change of  the z coordinates of vacancies at the 0 (3 )  sub- 
lattice. Only vacancies near (99i)  are shown. Underlined sites are 
the potential vacancy sites which must be occupied due to the 
restrictions imposed by considering the effect of  adjacent 
vacancies on the structure. 

diffraction patterns of different mullite specimens can 
be obtained by making some minor changes to this 
model. Even after these changes, the basic arrange- 
ment in the area of high valency density of the 4c 
intervals is untouched. The peak values of diffuse 
maxima in the calculated intensity distribution are 
rather sensitive to these minor changes. However, so 
far as the integrated values over appropriate volumes in 
reciprocal space are concerned, the intensity distri- 
butions are very similar for most of the models. 
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(b) 
Fig. 6. Calculated intensity distribution in reciprocal space. (a)The 

section at l = 1/2. (b) The section at l = 2/9. The area of each 
circle is approximately proportional to the intensity. The 
intensities weaker than that scattered by two electrons per 
vacancy are omitted. 
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Discussion 

The above model consists of domains of lower 
symmetry than that of the ordered structure. This 
domain structure suggests that the superstructure is not 
a relic of growth but is rather the product of phase 
changes. When the mullite crystals grow at high 
temperature, the vacancies are in a random distri- 
bution. As the temperature decreases, the vacancies 
tend to order as follows. Three or four vacancies make 
linear clusters extending along [112]. The linear 
clusters gather together to make a planar cluster 
parallel to (99"I). Several planar clusters are distributed 
with 4c intervals along the c axis to make a three- 
dimensional dense volume of vacancies, and several 
dense volumes are connected to make an individual 
domain. Several domains in twin relation are distri- 
buted in the whole mullite crystal. Thus, the number 
and the size of the domains depend on the cooling 
history as well as the chemical composition of the 
crystal. D- and S-mullite, named by Agrell & Smith 
(1960), may correspond to ill and well ordered 
specimens, respectively. One of the most ordered 
specimens is described by Nakajima, Morimoto & 
Watanabe (1975). 

Guse & Saalfeld (1976) have insisted that the 
subsidiary reflections of the first group reflect the super- 
structure, and that the other subsidiary reflections arise 
from different physical phenomena such as lattice 
strain. However, the information obtained from the 
main reflections and the first group reflections is related 
only to the average structure with the doubled period of 
the c axis. This average structure contains so many 
vacancy sites in relation to the restriction of the 
chemical composition that the sites should have 
fractional occupancy parameters. The fractional distri- 
bution of vacancy and atom causes other subsidiary 
reflections in reciprocal space, and at least some of the 
other of the subsidiary reflections must reflect its super- 
structure. In fact, the present model describes all of the 
observed intensity distribution in reciprocal space. 

Cameron (1977) has made a systematic survey of 
mullite of various compositions, and given a detailed 
description of subsidiary reflections in the hOl 
reciprocal-lattice sections. The superstructure model in 
the present study, which has been derived to describe a 
crystal with the composition x = 0.186, can easily be 
modified to explain the crystals within the com- 
positional range x = 0.125 to x = 0.2 by varying the 
domain sizes and the stacking sequences. Cameron 
(1977) observed that the aluminium-rich specimens 

with x >0.2 have more complex diffraction patterns in 
hOl sections. The structure of these specimens can be 
described by minor corrections of the present model. 

Conclusive remark 

In the present investigation, structural models of finite 
size were constructed. The calculated intensities which 
resulted from these models were then compared to the 
observed intensities. The experimental limitation that 
only the time and space average of the atomic behavior 
is observable by the diffraction method inevitably re- 
sults in the statistical nature of the description. There- 
fore, the distribution of atoms or vacancies cannot be 
represented without the concept of probability. How- 
ever, the information about the most realistic behavior 
is lost when the distribution of atoms or vacancies is 
represented by means of a fractional occupancy factor. 
In the present work, the statistical nature was restricted 
to the construction of models, and no occupancy 
factors were used. To date, this is the only possible 
means by which all coherent elastic diffraction in 
reciprocal space by the disordered superstructure of 
crystalline substances can be described. 
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